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Let p be an odd prime. For a kind of p-local co-H space Y of low-rank, it is shown in
this paper that ΩY has ΩΣkY as a product factor for a sequence of k which admits an
exponential growth. The result appears as a result of the application of recently developed
technique for functorial decompositions of looped co-H spaces via the functorial coalgebra
decompositions of tensor algebras.
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1. Introduction
In studying any mathematical object it is useful to decompose it into irreducible components, analyze the components,
and assess how they assemble to give the original object. A natural collection of topological spaces to study in this manner
are loop spaces, as the loop-multiplication provides an operation which allows for decompositions. This kind of decompo-
sition implies that the computation of homotopy groups of the original space is totally determined by those of the ﬁner
product factors. In this paper we will concern the homotopy decomposition of looped co-H spaces of low-rank. The result
shows that we can connect unstable homotopy theory with stable homotopy theory together via the obtained decomposi-
tion.
Assume that all the spaces are simply-connected CW-complexes and all spaces and maps have been localized at
an odd prime p. Let us ﬁrst recall some historical results on the homotopy decomposition of looped spaces. A sim-
plest example among the homotopy decompositions of looped spaces is Serre’s odd p-primary decomposition Ω S2n 
S2n−1 × Ω S4n−1 [18], which shows that the p-components of homotopy groups of even spheres are totally determined by
those of odd spheres. Later a great progress in homotopy theory due to Cohen, Moore, and Neisendorfer [5,6] shows that
the p-primary homotopy exponents of S2n+1 is pn by decomposing loop spaces on the mod-pr Moore spaces. There are
also many other useful decompositions of special loop spaces appearing in [1,4,7–9,12,13,19]. In stead of working on the
homotopy decompositions of loop spaces case by case, Selick and Wu [16,17] used connections between topology and the
modular representation theory of symmetric groups to obtain functorial decompositions of loop suspensions. Later this re-
sult was generalized to the case of looped coassociative co-H spaces in [14] and then to the case of looped co-H spaces
in [11,15]. It is believed that this functorial decomposition technique admits potentially wide applications in homotopy
theory.
In this paper we will apply the technique developed in [11,15–17] to investigate more deeply the product factor of some
known homotopy decompositions of looped co-H spaces. In what follows we take homology with mod-p coeﬃcients. For
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1046 H. Yu et al. / Topology and its Applications 158 (2011) 1045–1049a graded module V , let E(V ) denote the exterior algebra generated by V and let ΣkV denote the suspension by k degrees
of V where k ∈ Z. Our main result is stated as follows.
Theorem 1.1. Given a co-H space Y with H˜odd(Y ) = 0 and 1  dim(H˜∗(Y )) = l < p − 1. Deﬁne bY =
∑∞
q=1 q · dim(H˜q(Y )), the
summation of the dimensions of the cells in Y . Then
(a) there is a decomposition ΩY  Amin(Y ) × ΩΣbY −lY × (other spaces),
(b) if l is even, then for any m 1 there is a decomposition
ΩY 
m−1∏
k=0
Amin
(
Σ
lk−1
l−1 (bY −l)Y
)× ΩΣ lm−1l−1 (bY −l)Y × (other spaces)
where Amin(Y ) will be given in Section 2, satisfying H∗(Amin(Y )) ∼= E(Σ−1 H˜∗(Y )) here.
This paper is organized as follows. In Section 2, we ﬁrst recall the technique for functorial decompositions of loop
suspensions and looped co-H spaces developed in [11,15–17] and then give the proof of Theorem 1.1 in Section 3.
2. Functorial decompositions of looped co-H spaces
In this section we brieﬂy recall the functorial decompositions of looped co-H spaces which is needed for the proof
of Theorem 1.1. First let us introduce its algebra background. Let V be a graded module over Z/pZ and let T (V ) be
the tensor algebra generated by V . The tensor algebra T (V ) admits a Hopf algebra structure by letting the generators
in V be primitive and then extending multiplicatively. It was shown in [16] that T (V ) admits a coalgebra decomposition
T (V ) ∼= Amin(V ) ⊗ Bmax(V ). Among the decomposition Amin(V ) is the minimal functorial coalgebra retract of T (V ) which
contains V and Bmax(V ) is a sub-Hopf algebra of T (V ) which contains all the primitive elements of T (V ) with tensor
length not a power of p. Furthermore Bmax(V ) has a much richer structure. It admits a coalgebra decomposition Bmax(V ) ∼=
T (
⊕∞
n=2 Q maxn (V )) where Q maxn (V ) denotes the indecomposable elements of Bmax(V ) with tensor length n. Now in what
follows we outline the work which geometrically realize the above tensor algebra decomposition.
According to the Bott–Samelson theorem, there is an algebra isomorphism H∗(ΩΣ X) ∼= T (H˜∗(X)). This was generalized
in [3] to the case of looped co-H spaces: for a co-H space Y , there is an algebra isomorphism H∗(ΩY ) ∼= T (Σ−1 H˜∗(Y )).
For a co-H space Y , the coalgebra isomorphism
T
(
Σ−1 H˜∗(Y )
)∼= Amin(Σ−1 H˜∗(Y ))⊗ Bmax(Σ−1 H˜∗(Y ))
suggests that there exists a homotopy decomposition
ΩY  Amin(Y ) × Bmax(Y )
such that H∗(Amin(Y )) ∼= Amin(Σ−1 H˜∗(Y )) and H∗(Bmax(Y )) ∼= Bmax(Σ−1 H˜∗(Y )). This was realized in a sequence of pa-
pers [16,17,14,15] which began with Y being a p-torsion double suspension and ended with Y being a co-H space.
Furthermore the coalgebra decomposition
Bmax
(
Σ−1 H˜∗(Y )
)∼= T( ∞⊕
n=2
Q maxn
(
Σ−1 H˜∗(Y )
))
suggests that geometrically Bmax(Y ) is homotopy equivalent to a loop space on inﬁnite wedge space. This was recently
realized in [11].
We summarize the above results precisely as follows.
Theorem 2.1. Let Y be a co-H space. Then there is a homotopy decomposition
ΩY  Amin(Y ) × Bmax(Y )
such that
(a) H∗(Amin(Y )) ∼= Amin(Σ−1 H˜∗(Y )) and H∗(Bmax(Y )) ∼= Bmax(Σ−1 H˜∗(Y )),
(b) Bmax(Y )  Ω(∨∞n=2 Q maxn (Y )) where Q maxn (Y ) is a co-H space which retracts off ΣΩY ,
(c) for n 2, there is an isomorphism Σ−1 H˜∗(Q maxn (Y )) ∼= Q maxn (Σ−1 H˜∗(Y )) such that
H∗
(
Bmax(Y )
)∼= T( ∞⊕
n=2
Σ−1 H˜∗
(
Q maxn (Y )
))
.
Proof. The proofs of (a) and the homotopy decomposition at the beginning are given in [15]. The proofs of (b) and (c) are
given in [11]. 
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In this section we will apply Theorem 2.1 to give the proof of Theorem 1.1. Before giving the proof we need an additional
lemma which is given as follows. We ﬁrst ﬁx some notations. Let M be an augmented module with the augmentation
 :M −→ k, where k is the ground ﬁeld. We denote the kernel of  by IM . Let A be a Hopf algebra and let Q (A) denote
the set of indecomposable elements of A.
Lemma 3.1. ([20]) Let A be a connected Hopf algebra of ﬁnite type over a ground ﬁeld k and let B be a sub-Hopf algebra of A. Suppose
that A is a tensor algebra as an algebra. Then there is a short exact sequence
0 −→ Q (B) −→ (k ⊗B A) ⊗ Q (A) −→ I(k ⊗B A) −→ 0.
We can now give the proof of Theorem 1.1.
Proof of Theorem 1.1(a). For the sake of convenience, we let V = Σ−1 H˜∗(Y ). Then there are Veven = 0 and 1 dim(V ) = l <
p − 1. According to the calculation in [7] for this case, there are Amin(V ) ∼= E(V ) and Bmax(V ) ∼= T (⊕l+1n=2 Q maxn (V )) which
give the coalgebra isomorphism
T (V ) ∼= E(V ) ⊗ T
(
l+1⊕
n=2
Q maxn (V )
)
.
In [7]
⊕l+1
n=2 Q maxn (V ) were explicitly computed out as the generators of [L(V ), L(V )], where L(V ) is the free Lie algebra
generated by V and [L(V ), L(V )] is the sub-Lie algebra of L(V ) generated by the Lie brackets of length from 2 to l + 1. By
Theorem 2.1 there is correspondingly a homotopy decomposition
ΩY  Amin(Y ) × Ω
(
l+1∨
n=2
Q maxn (Y )
)
(1)
such that H∗(Amin(Y )) ∼= E(V ) and H∗(Q maxn (Y )) ∼= ΣQ maxn (V ). Since we have the isomorphism
E(V ) ∼= Z/pZ⊗T (⊕l+1n=2 Q maxn (V )) T (V ),
by Lemma 3.1 there is a short exact sequence
0 −→
l+1⊕
n=2
Q maxn (V ) −→ E(V ) ⊗ V −→ I E(V ) −→ 0. (2)
Since El+1(V ) = 0, by the reason of tensor length there is
Q maxl+1 (V ) ∼= El(V ) ⊗ V ∼= ΣbY −l V
as El(V ) contains only one element of degree bY − l. We claim that this isomorphism can be geometrically realized as
Q maxl+1 (Y )  ΣbY −lY . We prove it as follows.
Since Y is a co-H space, there is a section s : Y −→ ΣΩY for the evaluation map ev :ΣΩY −→ Y . Let f be the com-
posite
f : (ΩY ) ∧ Y idΩY ∧s−−−−→ ΣΩY ∧ ΩY H−→ ΣΩY −→ ΣΩY /Y
where H is the Hopf construction and the rightmost map is the project. By the reason of tensor length, checking homology
shows that f induces a monomorphism in homology. Since H∗((ΩY )∧ Y ) and H∗(ΣΩY /Y ) have the same Poincaré series,
f induces a homology equivalence and then itself is a homotopy equivalence. By Theorem 2.1(b), we know that Q maxn (Y )
(2 n l + 1) is a co-H space which retracts off ΣΩY . Let g be the composite
g :
l+1∨
n=2
Q maxn (Y ) ↪→ ΣΩY −→ ΣΩY /Y f
−1−−→ (ΩY ) ∧ Y r∧idY−−−→ Amin(Y ) ∧ Y
where r is the retract. In homology, we see that g induces suspension of the homomorphism
l+1⊕
n=2
Q maxn (V ) ↪→ T (V ) ⊗ V r∗⊗idV−−−−→ E(V ) ⊗ V
which is essentially the injection in short exact sequence (2).
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Aminn (V ) denotes the set of the elements of A
min(V ) with tensor length n. Since for V = Σ−1 H˜∗(Y ) there is
Amin(V ) ∼= E(V ) ∼=
l⊕
n=1
En(V ),
it follows that Σ Amin(Y ) ∨ln=1 A¯minn (Y ) with H∗( A¯minn (Y )) ∼= Σ En(V ). Since El(V ) contains only one module generator of
degree bY − l, it follows A¯minl (Y )  SbY −l+1. Let h be the composite
h : Amin(Y ) ∧ Y id∧s−−→ Σ Amin(Y ) ∧ ΩY 
(
l∨
n=1
A¯minn (Y )
)
∧ ΩY
πl∧idΩY−−−−−→ A¯minl (Y ) ∧ ΩY  SbY −l ∧ ΣΩY
id∧ev−−−→ ΣbY −lY
where πl is the project. By the reason of tensor length, h induces an epimorphism in homology. Consider the composite
φ : Q maxl+1 (Y ) ↪→
l+1∨
n=2
Q maxn (Y )
g−→ Amin(Y ) ∧ Y h−→ ΣbY −lY .
According to the above arguments and the obtained fact that
H∗
(
Q maxl+1 (Y )
)∼= ΣQ maxl+1 (V ) ∼= Σ(ΣbY −l V )∼= ΣbY −l H˜∗(Y ),
we see that φ induces an isomorphism in homology and then itself is a homotopy equivalence. Thus from homotopy
decomposition (1), we have
ΩY  Amin(Y ) × Ω
(
ΣbY −lY ∨
l∨
n=2
Q maxn (Y )
)
 Amin(Y ) × ΩΣbY −lY × (other spaces).  (3)
Proof of Theorem 1.1(b). If l is even, as bY is even, it follows that l
k−1
l−1 (bY − l) is also even for any k 0. The desired result
is obtained via formula (3) by induction on m. 
Remark. When Y is a double suspension on a space, Theorem 1.1 was obtained in [2] by a complicated algebraic compu-
tation. From another approach of functorial homotopy decomposition of looped co-H space, our results greatly simplify the
computation and even generalize the results in [2] by just requiring that Y is a co-H space.
By the proof of Theorem 1.1(a), we can recover Serre’s result as follows.
Proposition 3.2. For n 1, there is Ω S2n  S2n−1 × Ω S4n−1.
Proof. In the proof of Theorem 1.1(a), we let Y = S2n . Then l = 1 and the homotopy decomposition (1) becomes Ω S2n ∼=
Amin(S2n) × Ω(Q max2 (S2n)). Since
H∗
(
Amin
(
S2n
))∼= E(Σ−1 H˜∗(S2n))∼= E(ι2n−1)
it follows Amin(S2n)  S2n−1, where ι2n−1 denotes the generator of Σ−1H2n(S2n). Also by the proof of Theorem 1.1(a), there
is
Q max2
(
S2n
) ΣbS2n−1S2n  S4n−1.
Thus the desired result follows. 
By Theorem 1.1(b), we can obtain the following two corollaries. One implies that under certain conditions we can con-
nect unstable homotopy theory with stable homotopy theory together. The other implies that under certain conditions the
product factor of the homotopy decomposition admits a connectivity with exponential growth.
Corollary 3.3. Given a co-H space Y with H˜odd(Y ) = 0 and 1 dim(H˜∗(Y )) = l < p−1. If l is even then π s∗(Y ), the stable homotopy
groups of Y , is a summand of π∗(Y ).
H. Yu et al. / Topology and its Applications 158 (2011) 1045–1049 1049Proof. Let cm = lm−1l−1 (bY − l). Then there is π si (Y ) ∼= π si+cm (Σcm Y ) for any i  0. Suppose that Y is n-connected. Then Σcm Y
is (cm + n)-connected. According to Freudenthal theorem, when i + cm  2(cm + n) or equivalently cm  i − 2n, there is
π si+cm
(
ΣcmY
)∼= πi+cm(ΣcmY )∼= πi+cm−1(ΩΣcmY ).
Thus for any i  0, when cm  i − 2n there is π si (Y ) ∼= πi+cm−1(ΩΣcm Y ) which is a summand of πi+cm (Y ) by Theo-
rem 1.1(b). 
Corollary 3.4. Given a co-H space Y with H˜odd(Y ) = 0 and 1 dim(H˜∗(Y )) = l < p − 1. If l is even, then there is
ΩY 
∞∏
k=0
Amin
(
Σ
lk−1
l−1 (bY −l)Y
)× (other spaces)
with H∗(Amin(Σ
lk−1
l−1 (bY −l)Y )) ∼= E(Σ l
k−1
l−1 (bY −l)−1 H˜∗(Y )).
Proof. This is proven via Theorem 1.1(b) by letting m to be inﬁnity. 
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